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ON THE CONSTRUCTION OF SPLIT-FACE TOPOLOGIES

BY
ALAN GLEIT())

ABSTRACT. We give a general theorem to facilitate the construction of interesting
examples of split-face topologies of compact, convex sets.

Introduction. Let K be a compact convex set in a locally convex topological
vector space. Let F be a closed face of K and F' be the union of all faces of K
disjoint from F. It is always true that K = co(F U F’) [1, Proposition I1.6.5].
The face F is said to be split if F'is a face and K is the direct convex sum of F
and F'[1, p. 133), i.e. if each x € K can be expressed by a unique convex
combination

x=M+(1-N:z
with0 <A <1,y € Fand z € F'. The collection
{F N extreme points of K | F closed split face of K}

forms the closed sets for a topology on the extreme points of K called the split-
face or facial topology [1, p. 143]. Much is known about the split-face topology
but there is a distinct lack of many interesting examples. This paper provides the
first general results which may help to alleviate this problem.

We are much indebted to P. Taylor whose example (reproduced below) started
us in the right direction.

Throughout, for a set D C Y we let D€ be the complement of D in Y.

The construction. Let Y be a compact Hausdorff space and X a closed subset.
Let x ~» p, be a weak* continuous map of X into {p € C*(¥): u(1) = 1)}.
Suppose X is divided into three disjoint pieces Xj, X,, and X; with the following
properties:

(1) For each x € X, p, is a probability measure.

(2) Foreachx € X,p, | X, U X, = 0.

(3) For each x € X, p, = 8(x).

@xux+vY.

Let A ={f € C(Y): f(x) = p,(f) for all x € X}. We note that 1 € 4. Let
®: C*(Y) — A* be the canonical map. For a set F C Y, we let
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P(F)={p € C*(Y): p = 0,u(1) = 1, supported by F}.

Let K = ®P(Y). We shall identify y € Y with ®8(y) € K. Let d be the Choquet
boundary of A which, by our identification, is a subset of Y. Clearly, 9
C Y — X;. We now make the further assumption:

BG)o=Y—-X,.
First, some obvious remarks.

Remark 1. X, X;, and X; are Borel sets.

Indeed, it is trivial that X; is closed. As 8 = Y — X,, we have that X, U X;
= p~1(P(Y)) and so X, U X; is closed. The remark is now clear.

Remark 2. There is an M < oo so that ||p, || < M each x € X.

Indeed, since X is compact and p is weak* continuous, the image of p is weak*
compact and, so, norm bounded.

Theorem 1.
A= {w € C*(¥): w(B) = w(B N X,) + w(B N X.)

- fx. ux, px(B) dw(x) for each Borel B C Y}.

Proof. The proof is contained in the proof of Theorem 1.2 of [5], which we
reproduce here. We may assume X; # & with no loss of generality (if it is empty,
add a point of ¥ — (X; U X;) to X). Let

M ={8(x) — p: x € X; U Xp}
and X’ = M U {0} = {8(x) — p,: x € X}. As the map

) x = 8(x) = px

is continuous, X' is weak® compact. The map (1) is clearly one-to-one from
X, UX, onto M. Since X; is closed, both M and X; U X, are locally com-
pact. Hence (1) is a proper map [2, Chapter 1, §10, No. 3, Corollary] and so
X; U X, is homeomorphic to M [2, Chapter 1, §10, No. 1, Proposition 2].

Let Z be the weak* closed convex hull of X’ and W its linear span. Clearly the
weak* closure of W is 4+. Using [7, Proposition 1.2], we get

W= {w € C*(Y): There is a bounded regular Borel measure »’

on M such that w(f) = fMp(f)dv'(p) for each f € C(Y)}.

Fix w € W and find the associated measure ¥’ on M. Using the homeomorphism
between M and X; U X,, v’ induces a measure v on X; U X,. Passing to fi-
nite sums and taking limits we get
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w(f) = [, o(f)a(p)
= j;(, ux, (0(x) = pe)(f) dv(x)
=uf)- f,\auxsz(f)dV(x).

But then we get [3, V, §3, Corollary to Proposition 12]

w(B) = w(B) - [, . px(B)db(x)

for each Borel B C Y. In particular, for B C X; U X, we have p,(B) = 0 and
so w(B) = »(B). Thusw | X; U X; = » and so

W= {w € C*(Y): For each Borel B C ¥,

w(B) = w(B N X)) +w(B N X;)— fx,ux,

pu(B) ) ).

Thus, to complete the proof, we need show that W is already weak” closed.
By [4, V.5.9] it suffices to show W is norm closed. But this is clear using Re-

mark 2 above.
Recall that for a measure p on a nonempty compact set X in a Ictvs E,

r(n) = x is the resultant of p. if for each continuous linear functional f on E we

have f(x) = f fdu.

Lemma 2. With the identification of y € Y with ®(8(y)) in A*, we have:

(1) K = oP(@).

(2) If x € C*(Y) is the resultant of p, a measure supported by Ext(K), then
regarding p. as a measure on Y supported by 9 we have ®(n) = x = r(p).

(3) Let p € C*(Y) and associate to it a measure ' on d by

W(B) = B N ) + [ p.(B)dux).

Then r(w') = ®(u).

Proof. (1) is just [7, Proposition 1.2]. For (2), let f € A = weak* linear
functionals on K. Then

*() = fouy P (p) = [ 80)(f) ()

= p(f) = 2@)(f).
As for (3), let f € A. Then

Je@)) = [0 PN (P) = W)
= [F @) + [ o) = [,_, 70)dulx) + [, F)dutx)
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since p, = 8(x) for x € X, on 4

= u(f) = 2)(f).

A set D C Y is said to be full if the following conditions hold:

(1) For all x € X, (8(x) + p,)(B) # 0 for some B C D implies that §(x) + p,
is supported by D.

(2) For all x € X,, x €D implies p,. is supported by D.

Elementary properties of full sets are contained in the next lemma.

Lemma 3. (1) If D is full, then for all x € X,, we have:
(8(x) + p,)(B) # 0 for some B C D€
= 8(x) + p, is supported by DC.
(2) If D or D€ is full, then for all x € X, we have:
xXED=p |D=0.

(3) D is full iff the following two conditions hold:
(a) For all x € X;, x € D€ = p, supported by DC.
(b) Forall x € X, U X,, x € D = p, supported by D.

Corollary 4. Let D be full. Let p. be supported by D N 8 and v be supported by
D€ N 0. If ®(u) = ®(v), then ®(n) = 0 = ®(v). Hence, neither p nor v can be
positive measures.

Proof. Since ®(r) = P(v), we have p — v € A*. Thus, for any Borel B C Y
we have,by Theorem 1,

| HB)Y=HB) = B 0 X) + B 1 ) = [ oy, Px(B)dk = (B N X)

—¥B N Xp) +f p.(B)dv.

xux

Let E C D be Borel. Then »(E) = v(E N X;) = v(E N X;) = 0. By Lemma
3(2), Sx ox(E)dv = 0. As » is supported by 9 = Y — X, fy, p(E)dv = 0.
Hence, from (2),

3) ME) = WE N X) +WENX) = [ pu(E)d

Similar reasoning shows that for Borel G € D€, w(G) = w(G N X;) = (G
N X;) = fxux, px(G)dn = 0. Hence, (3) holds for each Borel set in ¥ and so
u € At. Hence, ®(n) = 0 = ®(»). If u were positive, say, then [[ul| = p(1) > 0.
As1 € A, p(1) = ®(u)(1) = 0, a contradiction.

For ease of notation, for each D C Ywelet T, = ®P(D) = {®(») € 4*: vis
a probability measure supported by D}.
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Proposition 5. If D is full, then both T, and T;_j, are faces of K.

Proof. As the map ® is affine, both 7, and T,_p are convex subsets of K.
Suppose k € T and k =an+ (1 —a)m with ,m € K and 0 < a < 1.
Choose p. supported by D N 9 and 7, A in P(3) so that k = ®(u), n = &(r), and
m = ®Q\). In order to show T, is a face, it clearly suffices to show that
v = ar + (1 — @)\ is supported by D N 3. Write v = »|(D N 3) + »|(D€ N d).
Noting that ®(») = k = ®(n), we get ®(|(D€ N 3)) = &(u — »|(D N 3)). By
Corollary 4, »| D€ N 3 = 0 as it cannot be positive. Thus » € P(D N 3) and so
Tp is a face. A similar argument shows T,_, is a face.

We recall that for a face F of K, the union of all faces disjoint from F is
denoted by F. If face(k) denotes the minimal face of K containing k, then
F’ = U{face(k): k & F}. To show that T; is a split face for D closed and full,
we must first describe T'. Toward this goal, we have the following lemma.

Lemma 6. Suppose Ty, is a face of K. Then T, C Ty~ pe.

Proof. Let k € T). Then k = ®(u) for u a probability measure supported by
0. We claim that (D) = 0. Indeed, if not, then p = a(u | D)/w(D) + (1 — a)»
where v is either the zero measure or is supported by 8 — D. Then

= qaHD _
k= a<1><#(D)> +(1 - 0)2()
shows that ®((u | D)/u(D)) € face(k). As (u|D)Yu(D) € PD) we have
®((u | D)/(D)) € face(k) N T, = I since k € T). This contradiction estab-
lishes the claim and the lemma.

Theorem 7. Let D be a closed full set. Then Ty is a closed split face of K with
ExtTp,=D N dand Tp, = Tynpc

Proof. The proof proceeds in three steps. We first claim that 7} is a closed face.
From Proposition 5, we need only show that T, = ® P(D) is compact. As ® is
continuous and P(D) compact, this is clear. Also clear are the facts Ext Tp,
= D N dand T, = Tpn, We next claim that T, =T, ,c. From Lemma 6, we
need only show that T,,pc € Tp. Let n € T, N Tnpe. Then n = d(p) = d(»)
with p € P(D N 9) and » € P(D¢ N 9). But this clearly cannot occur by
Corollary 4 and so Ip N Tape = B. As Tnpcis a face, Tapc € Ty

Finally, we claim that 7}, is split. Let k € K — (T, U T}) and suppose we
have two decompositions of k:

k= om + (l - al)ml
=am+ (1 - a)m

where 0 < o; < 1,m; € Tp,and m; € Tp. Find g, € P(D N 3) and »; € P(DC
N 9) so that ®(y;) = n; and ®(»v;) = m;. Then

Dy + (1= a)n) = Doy, + (1 = a)r;)
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and so

O(oy m— o) = O(1 —a)v, — (1 = a)n).
From Corollary 4 we get
@ O(ey m—ag) =0= (1 — a)r, = (1 = a)ny).

Applying oy py — app, to 1 € A we get ay — a, = 0. Hence (4) yields ®(w, — p,)
= 0. Hence n, = n,. Similarly m; = m, and the decompositions of k coincide.
We should now like to begin to prove a converse of Theorem 7.

Lemma 8. Let s € X and suppose ®(1) = D(p,) for some measure T supported by
X, U X,)C. Then 1= p,.

Proof. If s € X; C 9, then T = 8(s) = p, clearly. So assume thats € X; U X,.
Since 7 — 8(s) € A%, by Theorem 1, for each Borel B C Y,
o(B) - 8s)(B) = 1B N X) + (B 0 X) = [ pu(B)dr — 8(:)(B N X))
— 8B N X) + [, p(B)ANS)(x)
=B N X)+ (BN X)= [ p(B)dr = 8s)(B) + p.(B).
As 7 is supported by (X; U X;)C, we get
7(B) — 8(s)(B) = —8(s)(B) + p,(B)

and the result is immediate.

Theorem 9. Let F be a closed split face of K. Let D = F N 0. Then F = Ty, F’
= Tnpc and D is full.

Proof. Since F N 3 = Ext F, we have F =Co(F N 3) and so F = Tzn,
=Tj. We claim that F' = Tjpc. Indeed,let y €3N DC. Then face(y) =
{r} is disjoint from F andso yEF. Nowlet uEP@ND)CPF').  Then [1,
Corollary 11.6.11] implies that r(u) € F’. Hence B,npc € F'. As Lemma 6 yields
F' = Tp C Tnpc we have proven our claim.

To show that D is full, we will use the criteria of Lemma 3(3). Lets € X; U X,.
Let = pf | D, v, = p}|d N DC,v; = p, |D, and v, = p; | d N DC. Let B
= |l»|l and p; = »/lIn;ll (take p; = O whenever [j|| = 0). Then p, = By
+ Bata — B33 — Baps. Hence

€)) D(8(s) + B3tz + Batts) = (B + Baptz)-
Applying these elements of A* to 1 € 4 we get
1+ B3+ Bs= B+ B,

Let B be this common number.
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We first assume that s € F. Then

s/(1+ B3) + B3®(w3)/(1 + B3) =fE F

and so

1+8,. B B B,
6 3f + () = T () + ZF0(wy)-
From the characterization of F’ we know that ®(w,), ®(us) € F'. Since f, (y,)
€ F and F is split, (6) implies that f = ®(y,), ®(ns) = B(i;), and 1 + B; = B;.
Plugging this into (5) yields

D(8(s) + B3 ;) = (Biwy)

and so BB, — Bsu3) = B(p,). Since B — B3y is supported by (X; U X;)C,
Lemma 8 implies that B8, w; — B3 u; = p,. Hence p, is supported by D. So we have
shown that s € D N (X; U X,) implies p, is supported by D. Similarly, for
s € DN X C9nN D C F, we get p, is supported by 3 — D C DC. Hence
all the criteria of Lemma 3(3) have been verified.

We have now arrived at our characterization of facially closed sets. Recall that
aset D C Ext Kis facially closed if there is a closed split face F with Ext F = D.

Theorem 10. Let D C Y — X;. Then D is facially closed if and only if the
following conditions hold:

(@) D is closed in Y — X,.

(b) D is full.

Proof. Suppose conditions (a) and (b) hold. From (b) and Theorem 7, we get
Ty is a closed split face and Ext Ty = D N 9. From (a), D N 8 = D and so D
is facially closed. Conversely, suppose D is facially closed. As all facially closed
sets are closed in Ext K = 9, we get (a). Also, there is a closed split face F with
F N 9 = D. Theorem 9 now yields (b).

As an example of Theorem 10 we cite the following construction. Suppose X,
Y, 9 and p are as above. Suppose further:

(a) X2 = .

(b) p, is a finite linear combination of point masses in X for each s € X;.

(c) For s # s’ elements of X;,supp p, N supp p, = <.

On Y define an equivalence relation ~ by the following: p ~ g means that
there exists an s € X; with both p and ¢ in supp p, U {s}.

Theorem 11. Assume the above hold. Then the factor topology on Y/~ “is” the
facial topology on Y — X, and it is always T,

Proof. A set F C Y/~ is closed iff Fis closed in Y and F is saturated for the
relation ~. Note that F is saturated for the relation ~ iff for every s € X,
(supp ps U {s}) N F # & implies supp p, U {s} C F. But the latter statement is
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precisely the statement that F is full. Thus, by Theorem 10, F C Y/~ is closed
iff F is facially closed in Y.

Example 1 (P. Taylor). Let Y be the shaded region of the plane in the following
diagram:

We take X = {(x + 1,): 0 < y < x,0 < x < 1} and define for s € X:
pe = 8(—x—1,—y) + 8(x + 1,-y) — &(—x — L).

Clearly s ~» p, is weak* continuous on X and p,(1) = 1. We have X, = & and
X; ={(x+1,y) € X:y =0}, with X; = X — Xj. Let

A={f€ C(Y):f(s) =p,(f) foralls € X}.

Then clearly each y € Y is a peak point for 4, i.e. for all y € Y, there is an
f € 4 with f(y) = 1> |f(p)| for p # y. Hence d = Y and so all five of our
assumptions are fulfilled. We define ~ on Y as we did above: p ~ ¢ iff there is
ans € X with p, ¢ € supp p, U {s}. Clearly each element of the decomposition
under ~ is of the form {(x +1,y), (x+1,-y), (-x-1,¥), (x—1,-y)} for
0<y<x0< x < 11Itis easily verified that the projection map 7: ¥ — ¥/~
is open so the factor space Y/~ with the factor topology is first countable, second
countable, compact, and locally compact though not Hausdorff. Via Theorem 11,
the facial topology on Y is first countable, second countable, compact, and
locally compact though not Hausdorff. In [6], we studied the facial topology
(among other topologies on the extreme points of compact convex sets). We
proved there that if (Y, facial topology) satisfied an auxiliary condition (C2), then
the properties of first countability, second countability, and local compactness
for (Y, facial topology) were equivalent. We did not know then whether (C2) was
necessary for the conclusion. The above construction provides the necessary
example for it does not satisfy even (C1), a weaker condition than (C2).

Proposition 12. There is a compact metrizable convex set K with closed extreme
points whose facial topology is first countable, second countable and locally compact
but which does not satisfy:

(C1) If { p} C Ext(K) converges to q and if { p,} converges to p in the facial
topology, then p belongs to the minimal closed split face containing q.
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Proof. We take K to be the set {u € 4*: w(1) = 1 = ||u[|}. Then Ext(K) = Y.
We take p, = (1 + 1/n,1/n), g = (1,0), and p = (-1,0). Clearly p, — ¢ and
{ p,} converges to both p and ¢ in the facial topology. Finally, the minimal closed
split face containing q is {g} which clearly does not contain p.

Example 2. (Rogalski in [8]). Let dx be Lebesgue measure on [0, 1] and u be
the measure X, 27"8(x,) where {x, }is an enumeration of the rational numbers in
[0,1). Wetake X, = X; = &, X, = {x,} and

by = 24x =2 3 273(x,).
Then
4= (fecI]lf() = plf)all x € X)
= {s e cO.nIS276w) = [rax).

All the assumptions regarding the map p are trivial in this case and [8,
Proposition 20] shows that 3 = [0, 1] so all of our results above apply. Thus, by
Theorem 10, a set D C [0,1] is facially closed iff D is a closed subset of the
irrational numbers in [0, 1] or D = [0, 1]. Hence, each irrational number in [0, 1]
is a split face (a fact already established in [8, Corollary 25]) but no rational
number in [0, 1] is a split face.

Proposition 13. There exists a compact convex set K whose extreme points E form
a closed set for which the collection of extreme points which are split faces are dense
in E and for which the collection of extreme points which are not split faces are dense
in E.
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